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Abstract. We define what it means for a Cohen-Macaulay ring to to be super- 
stretched and show that Cohen-Macaulay rings of graded countable Cohen- 
Macaulay type are super-stretched. We use this result to show that rings of 
graded countable Cohen-Macaulay type, and positive dimension, have possible 
/i-vectors (1), or 1). Further, one dimensional standard graded 

Gorenstein rings of graded countable type are shown to be hypersurfaces; this 
result is not known in higher dimensions. In the non-Gorenstein case, rings of 
graded countable Cohen-Macaulay type of dimension larger than 2 are shown 
to be of minimal multiplicity. 

1. Introduction 

A ring R is said to be standard graded if, as an abelian group, it has a decompo- 
sition R = 0j>Q Ri such that RiRj C _Rj_,_j for all i,j^O,R = Ro[Ri], and Rq is 
a field. Further, we will always assume that a standard graded ring is Noetherian. 
Unless otherwise stated, we will denote by (i?, in, k) the standard graded ring with m 
being the irrelevant maximal ideal, that is, m — X^i^i ^^'^ k :— Rq ~ R/m being 
an uncountable field. A standard graded Cohen-Macaulay ring (i?, tn, k) ring has 
graded finite Cohen-IVIacaulay type (respectively, graded countable Cohen-IVIacaulay 
type) if it has only finitely (respectively, countably) many indecomposable, maxi- 
mal Cohen-Macaulay modules up to a shift in degree. 

The study of rings with finite and countable Cohen-Macaulay type were studied 
extensively by M. Auslander and I. Reiten [2, 3, 4] and an early survey paper 
was given by F.-O. Schreyer [15]. Since then, more extensive surveys have been 
published [19, 12] detailing many interesting tools and results. In a sequence of two 
papers, Knorrer, R.-O. Buchweitz, G.-M. Greuel, and F.-O Schreyer [11, 5] showed 
that if i? is a complete hypersurface containing an algebraically closed field k (of 
characteristic different from 2), then R is of finite Cohen-Macaulay type if and only 
if R is the local ring of a simple hypersurface singularity in the sense of [1]. For 
example, if we let k — C, then R is one of the complete ADE singularities over C. 
That is, R is isomorphic to kfx, y,Z2, ■ ■ ■ , Zd\/ {f)^ where / is one of the following 
polynomials: 

{An) : + + zl + ■ ■ ■ + z}, n ^ 1; 

(L»„) : x""^ + a;y^ + z| H V z}, n ^ 4; 

{Ee) : a;^ + y'^ + z2 + ... + z2; 
{Ej) -.x^y + y^ + zl + --- + zl- 
{Es) : +y^ + zl + --- + zl 
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In the countable case, it was further shown [5] that a complete hypersurface sin- 
gularity over an algebraically closed uncountable field k has (infinite) countable 
Cohen-Macaulay type if and only if it is isomorphic to one of the following 

(1) (^co) : klx,y, Z2, . . . , z4/{y^ + zi + ■ ■ ■ + zj); 

(2) (Doo) : klx,y, Z2, . . . , z4/{xy^ + zi + ■ ■ ■ + zl). 

Thus a complete characterization of hypersurfaces with countable Cohen-Macaulay 
type is given (here we allow countable type to include finite type). 

It has long been known that Gorenstein rings of finite Cohen-Macaulay type are 
hypersurfaces (for a proof see [9]). Combining this knowledge with the results above 
allows for a further characterization of Gorenstein rings of finite Cohen-Macaulay 
type. Given this outcome, there is a natural folklore conjecture: 

Conjecture 1.1. A Gorenstein ring of countable Cohen-Macaulay representation 
type is a hypersurface. 

In Corollary 6.4, we show that Conjecture 1.1 is true in dimension one for a standard 
graded ring. 

The finite counterpart of Conjecture 1.1 was of crucial importance in the classi- 
fication of rings of graded finite Cohen-Macaulay type. In [6], D. Eisenbud and J. 
Herzog completely classified the standard graded Cohen-Macaulay rings of graded 
finite representation type in the category of graded maximal Cohen-Macaulay mod- 
ules over a ring R and degree-preserving homomorphisms. In doing this, they show 
that such rings are stretched as introduced by J. Sally [14] (see Definition 1.2). 

In this manuscript, the stronger notion of super-stretched (see Definition 1.3) is 
developed and we are able to extend D. Eisenbud and J. Herzog's result to rings 
of graded countable type. In particular, we show that standard graded Cohen- 
Macaulay rings of graded countable Cohen-Macaulay type are super-stretched. This 
in turn forces the /i-vectors to be of the form (1), (l,n), or (l,n, 1) for some n. 
Similar observations where recently shown to be true in the context of wild repre- 
sentation type [18]. 

An interesting byproduct of the classification of D. Eisenbud and J. Herzog is that 
standard graded rings of dimension d ^ 2 with graded finite Cohen-Macaulay type 
have minimal multiplicity. The authors ask if this result carries over to complete 
local rings in general. While this question remains open, in Proposition 5.1, we 
are able to show this question has a positive answer for standard graded rings of 
dimension ^ 3 with graded countable Cohen-Macaulay type. 

1.1. Preliminaries. Recall that the associated graded ring, gr/i?, is defined by 
gr^i? := R/I ® ® . . . . 

For a standard graded ring {R,m,k), we have R ~ gr^^-R. The Hilbert function, 
Hji{n), is the vector space dimension of the n*'* summand of gr„-ji?; that is, 

Hnin) dinife(m7m"+i). 

If (i?, m, k) is a d-dimensional standard graded ring with infinite residue field fc, 
then D. Northcott and D. Rees [13] showed there exists xi, . . . ,Xd in m such that 
^n+i _ ,a;(i)m". The sequence xi,. . . ,Xd is called a minimal reduction of 

m. A fact that will be used constantly is that in a Cohen-Macaulay ring, minimal 
reductions are regular sequences. Factoring out such a reduction yields an Artinian 
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ring R, and thus there exists an s such that for n > s, the Hilbert function H^(n) = 
and i^7j(s) 7^ 0. The sequence of integers 

(%(0),iIjj(l),...,iI^(s)) 

is cahed the /i-vector of R and denote it by h{R). In general, the Hilbert function 
can be represented as a reduced rational function 

fit) 



HR{t) 



where f{t) E Z[t]. When R is not Cohen-Macaulay, the ft,- vector is defined as the 
vector of coefficients of f{t). 

The following definition of stretched first was given in 1979 by J. Sally [14]. 

Definition 1.2. Let {R,m,k) be a standard graded Cohen-Macaulay ring of di- 
mension d. We say R is stretched if there exists a homogeneous minimal reduction 
X — (a;i, . . . , xj) of m such that 

dimfe (^^^ < 1 

for all i ^ 2. 

In particular, if a ring R is stretched, then there exists a minimal reduction 
(xi, . . . , Xd) of the maximal ideal m such that the /i-vector is (1, a, 1, 1, . . . , 1). Here, 



= dimfc ( — I = dimfc ( ) - d. 

+ (xi, ...,Xd), 



-,2 



As mentioned above, D. Eisenbud and J. Herzog were able to relate the stretched 
condition to finite Cohen-Macaulay type with the following theorem. We discovered 
that a stronger condition holds which we call super-stretched. We define this notion 
of stretched by considering the Hilbert series of the quotient of any homogeneous 
system of parameters. In particular, we introduce the following definition. 

Definition 1.3. A standard graded Cohen-Macaulay ring (i?,m, k) of dimension d 
is said to be super-stretched if for all homogeneous systems of parameters Xi, . . . , a;^, 

(3) ^1 



(xi , . . . , Xfi ) 



for alH > ^ deg(xj) — d + 2. 



If a ring R is super-stretched, then for any homogenous system of parameters 
(xi, . . . , X(i), the /i-vector is (1, ai, a2, . . . , ad-Ij 1; ■ • • j !)• Here, = deg(xi) — 
d + 2 and 

m-' + (xi, . . . ,Xd) 



dimfc 



mJ+i + (xi,...,Xd) 



Remark 1.4. As it is, if a standard graded ring is super-stretched with an infinite 
residue field, then it is also stretched. To see this, choose a homogeneous minimal 
reduction xi , . . . , x^ of degree one. Then Equation (3) holds for alH ^5 ^ deg(xj) — 
d -I- 2 = 2: i.e. R is stretched. 



As we see in the next example, if a ring is stretched, it is not necessarily super- 
stretched. 
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Example 1.5. The standard graded Cohen-Macaulay ring R — C[x, y]/{x^y — xy^) 
is stretched but not super-stretched. To see this, notice that x + 2y is a regular 
element. As a vector space over C, 

and 

dime I 7 — ^ I = 



(x + 2y), 

for all i > 4. In order for R to be super-stretched, dime Ri ^ ^ for all 

i ^deg((a; + 2j/)2)-l + 2 = 3. 
However, going modulo (x + 2y)'^ yields 

and thus R is not super-stretched. 

2. Graded Nomenclature 

For a graded module M over a graded ring R, we denote the shift of M by n 
by M(n)i = Mi_|_„. Further, we say two i?-modules M and N are isomorphic up to 
shift in degree if there exists an integer n, and a homogeneous isomorphism, such 
that M c±N{n). 

All of the following results will be considered in the graded category of finitely 
generated graded i?-modulcs. In particular, we want to work in a subcategory 
consisting of graded maximal Cohen-Macaulay modules. The objects of the desired 
subcategory are the obvious choices, graded maximal Cohen-Macaulay modules. 
However, there is a bit of ambiguity as to what the maps ought to be; should we 
consider them to be homogeneous or not? We illustrate this point in Example 2.1. 
Throughout this section, we give a precise definition of what subcategory we will be 
working in. We also explore alternate ways of defining rings of graded finite (and 
countable) Cohen-Macaulay type. 

Example 2.1. Let (i?, m, k) be a standard graded Cohen-Macaulay ring. Note that 
i? is a graded indecomposable maximal Cohen-Macaulay module and consider the 
family of graded maximal Cohen-Macaulay modules i)}igz>o- There does 

not exist a graded isomorphism between any two modules in the family and each 
module is of rank 2. Thus we have an infinite family of non-isomorphic, maximal 
Cohen-Macaulay modules of bounded rank. Further, if we only consider homoge- 
neous maps, our infinite family is then composed of infinitely many indecomposable 
maximal Cohen-Macaulay modules. However, up to isomorphism in shifts of degree, 
there is only one indecomposable maximal Cohen-Macaulay module. 

Depending on our ring, Corollary 2.8 and Proposition 2.9 allow us to handle the 
nuances arising in Example 2.1. 

For a general Noetherian ring R, let S[to5(i?) denote the category of finitely 
generated i?-modules. Here the objects are defined as finitely generated i?-modules 
and the morphisms are i?-module homomorphisms. The subcategory 93T£2lt(i?) is 
the category of maximal Cohen-Macaulay modules whose morphisms are defined 
by i?-module homomorphisms between maximal Cohen-Macaulay modules. If R 
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is a standard graded ring, we define a subcategory of 'OJlod{R) that respects the 
grading. In particular, we let dJlod^' (R) be the category whose objects are finitely 
generated graded modules. The morphisms of VJlod^'^{R) are graded _R- module 
homomorphisms of degree zero. As with 9Jt£9Jl(i?), we define the subcategory of 
graded maximal Cohen-Macaulay modules by 9Jl£9Jl^'^ (i?) where the morphisms are 
graded degree zero _R-module homomorphisms. 

We say that a result *P holds in the graded category of a standard graded ring R 
if *|5 holds for all modules and morphisms in SUtoO^' (i?) . Using our new notation, we 
define what is meant by a standard graded ring of graded Cohen-Macaulay type. 

Definition 2.2. A standard graded Cohen-Macaulay ring (i?, m, fc) ring is said 
to have graded finite Cohen-IVIacaulay type (respectively, graded countable Cohen- 
Macaulay type) if it has only finitely (respectively, countably) many indecomposable 
modules in DJIC'OJI^'^ {R) up to a shift in degree. 

2.1. Graded Finite Cohen-Macaulay Type. It is worth pointing out that there 
are a few possible choices in the definition of graded finite Cohen-Macaulay type 
of a standard graded ring R. For example, one could use any of the following 
characterizations for graded finite Cohen-Macaulay type: 

(A) there are finitely many graded indecomposable modules up to isomorphism 
in m€m>^'{R); 

(B) there are finitely many graded indecomposable modules in OT£93l^'^(i?) up 
to shifts in degrees; 

(C) there are finitely many graded indecomposable modules up to isomorphism 
in mem{R); 

(D) there are finitely many indecomposable modules up to isomorphism in 

m€m{R). 

Here and throughout the rest of this work, we denote the completion with respect to 
the m-adic topology by *. As it turns out, using (A) as the definition would not be 
very helpful, since in general {R{n)} is an infinite family of non- isomorphic graded 
indecomposable maximal Cohen-Macaulay modules. In short, only the zero ring 
would have graded finite Cohen-Macaulay type. Thus we can safely remove (A) 
from the list of possible definitions. Since we have adopted (B) as the definition, 
the question is, how do (C) and (D) fit into the picture? In Corollary 2.8, we see 
that (B), (C) and (D) arc equivalent definitions, which follows as consequence of 
the work of M. Auslander and I. Reiten. 

Proposition 2.3 ([3, Proposition 8 and 9]). Let A,B he objects in m€m^''{R) 
where (R, m, k) is a standard graded Cohen-Macaulay ring. 

(1) The graded module A is indecomposable in DJIC^M^'^ (R) if and only if A is 
indecomposable in the DJl€SJl{R); 

(2) // A and B are indecomposable, then A B in 3Jl£S[Jl(i?) if and only if 
there is some integer n such that A ~ B[n) in 9Jt£9Jl^'^ (i?) . 

Corollary 2.4. Let {R, m, k) be a standard graded Cohen-Macaulay ring and M, N 
be indecomposable objects in 9H£9H^'(i?). Then, M c^i N in 97l£S[)t(-R) if an only if 
there is some integer n such that M ~ N{n) in 9Jl£3Jl^'^(i?). 



Proof. This follows from the fact that completion is faithfully flat and Proposition 
2.3 part (2). □ 



6 



B. STONE 



Another immediate corollary of Proposition 2.3 is the fact that the completion 
"bounds" the Cohen-Macaulay type. 

Corollary 2.5. Let {R, m, k) be a standard graded Cohen-Macaulay ring and R the 
m-adic completion. If R is of finite (respectively countable) Cohen-Macaulay type, 
then R is of graded finite ( respectively graded countable ) Cohen-Macaulay type. 

The next proposition shows the equivalence of (B) and (C) for rings of finite 
Cohen-Macaulay type. 

Proposition 2.6. Let {R,m,k) be a standard graded Cohen-Macaulay ring. Then 
(B) and (C) are equivalent statements. In particular, either statement could he used 
as the definition of graded finite Cohen-Macaulay type. 

Proof. To see that (B) implies (C), notice that condition (C) has more isomorphisms 
in each class of indecomposable maximal Cohen-Macaulay modules than there are 
in each class satisfying condition (B). Thus, if (B) holds true, then (C) must be 
also be fulfilled. 

It is left to show that (C) implies (B). By contradiction, assume there are in- 
finitely many graded indecomposable modules in OT£9Jt^''(i?) up to shits in degree. 
We let {Ma}a£A be a family of representatives, one from each isomorphism class. 
Let a,/3 e A and assume that Ma ~ in dJl€dJl{R). By Corollary 2.4, there 
exists an n such that Ma — M^(n,) in S[Jl£3Jl^' (i?). In other words. Ma and 
are in the same isomorphism class up to shift. Therefore we must have that a = /3. 
This forces infinitely many graded indecomposable modules up to isomorphism in 
m€m{R), a contradiction. □ 

When considering indecomposable maximal Cohen-Macaulay modules M, N in 
the graded category, if there is an isomorphism between M and TV, then Corollary 
2.4 says there exists a graded isomorphism between the two modules. Another 
nice result about the graded category is that the "finiteness" of DJl€Dyi^'^ (R) and 
M€m{R) are the same. 

Theorem 2.7 ([3, Theorem 5]). Let {R, m, k) be a standard graded Cohen-Macaulay 
ring and R the completion with respect to the maximal ideal m. Then R is of finite 
graded Cohen-Macaulay type if and only if R is of finite Cohen-Macaulay type. 

With Theorem 2.7 in hand, we are able to combine it with Proposition 2.6 to 
obtain the following immediate corollary. 

Corollary 2.8. Let (i?, m, k) be a standard graded Cohen-Macaulay ring and R the 
completion with respect to the maximal ideal m. Then conditions (B), (C), and (D) 
are equivalent. 

2.2. Graded Countable Cohen-Macaulay Type. As with graded finite Cohen- 
Macaulay type, there are a few possible choices for the definition of graded countable 
Cohen-Macaulay type of a standard graded ring R. As described above, we could 
use any of the following for the definition: 

(A') there are countably many graded indecomposable modules up to isomor- 
phism in m.<mi^\R)\ 

(B') there are countably many graded indecomposable modules in '^€SSW^{R) 
up to shifts in degrees; 
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(C) there are countably many graded indecomposable modules up to isomor- 
phism in m€m{R); 

(D') there are countably many indecomposable modules up to isomorphism in 
the category m^m{R). 
Unlike the finite case, using (A') as the definition has potential. Notice that condi- 
tion (A') is just removing the shifts and only allowing degree zero homomorphism 
between the modules. By removing the shifts, we are only adding up to countably 
many new isomorphism classes with condition (A'). Hence (A') does not really add 
anything new. In Proposition 2.9, we see that conditions (A'), (B'), and (C) are 
equivalent. Further, Corollary 2.11 describes the relation of (D') with the other 
statements. 

Proposition 2.9. Let {R,m,k) be a standard graded Cohen- Macaulay ring. Then 
(A'), (B'), and (C) are equivalent statements. In particular, any of the statements 
could be used as the definition of graded countable Cohen- Macaulay type. 

Proof. To show that (A') implies (B'), notice that by removing the shifts we are 
adding more isomorphism classes. Therefore (B') follows. A similar argument as 
in Proposition 2.6 shows that (B') implies (C). 

To see that (B') implies (A'), assume by contradiction that there exists un- 
countably many graded indecomposable maximal Cohen-Macaulay modules up to 
isomorphism in 9H£9Jl^'^(i?). Let {Ma}a&A be a family of representatives, one from 
each indecomposable class. Consider the isomorphism classes up to shifts in de- 
grees. That is for each a e A, there exists a subset / C A, with the property that 
for each /3 G I, there exists an integer n such that ~ Alp{n). Let /3,7 G / and 
assume that there exist an integer n such that 

As all of the isomorphisms above are degree zero, we have that Mp = (i.e. 
/3 = 7). Hence, when we include the shifts to our assumption, for each a G A we 
only associate countably many indecomposables up to shifts. Hence there arc un- 
countably many graded indecomposable modules in 9Jt£*Xt^'^(i?) that are isomorphic 
up to shifts in degrees, a contradiction. 

It is left to show that (C) implies (B'). By contradiction, assume there are 
uncountably many graded indecomposable modules in 97l£3Jl^' (i?) up to shits in 
degree. Let {Ma}a^K be an uncountable family of representatives from each iso- 
morphism class. We wish to form the isomorphism classes described in (C). Let 
a,^ G A and assume that ^ Mp in m€M{R). Thus by Corollary 2.4, there 
exists an n such that ^ Mp{n) in m€M'^ {R). In other words, and Mp 
are in the same isomorphism class up to shift. Therefore we must have that a = /?. 
This forces uncountably many graded indecomposable modules up to isomorphism 
in 9Jte:ajl(i?), a contradiction. □ 

Remark 2.10. If a standard graded ring R is of graded finite Cohen-Macaulay type 
then it is also of graded countable Cohen-Macaulay type. This does not mean 
that there are finitely many isomorphism classes as defined in conditions (A'), (B'), 
and (C). By Proposition 2.6, the ring being of finite type only says that there are 
finitely many isomorphism classes as defined in the conditions (B') and (C). 

Corollary 2.11. Let (i?, m, fc) be a standard graded Cohen-Macaulay ring. If con- 
dition (D') holds, then so do the statements (A'), (B'), and (C). 
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Proof. This is a direct application of Corollary 2.5 and Proposition 2.9. □ 

In order to obtain the much desired converse to Corollary 2.11, we need a count- 
able version of Auslander and Reiten's result in Theorem 2.7. The proof fo Theorem 
2.7 relies on the fact that rings of finite Cohcn-Macaulay type have an isolated sin- 
gularity. 

Theorem 2.12 ([3, Proposition 4]). Let {R,m,k) be a Cohen- Macaulay standard 
graded ring. Lf R is of graded finite Cohen- Macaulay type then R is an isolated 
singularity. 

Given Theorem 2.12, it is worth reconsidering the relation of condition (D') with 
conditions (A'), (B') and (C). In Corollary 2.11, we saw that (D') implies the other 
conditions. It might be possible to extend Theorem 2.7 to the countable case, and 
thus obtain a partial converse to Corollary 2.11, if we assume isolated singularity. 
In particular, we would like to know when (D') is actually equivalent to the other 
conditions; we leave this as a question. 

Question 2.13. Let (i?, m, fc) he a standard graded Cohen- Macaulay ring and R 
the completion with respect to the maximal ideal m. If R has an isolated singularity 
and is of countable graded Cohen- Macaulay type, then is R of countable Cohen- 
Macaulay type? 

3. Super-Stretched Standard Graded Cohen-Macaulay Rings 

The goal of this section is to show equivalent characterizations of super-stretched 
(Theorem 3.5). To do this, we need to build up the theory of super-stretched 
standard graded rings with a few useful propositions. We will use the follow- 
ing notation. Let yi, . . . , ?/„ and xi, . . . , Xm be sequences in a ring R such that 
(yi, . . . , ?/„) C [xi, . . . , Xm)- We let y — Ax represent the relations yi = X^JLi '^ij^j 

A 

and denote the containment of (yi, . . . , ?/„) in (xi, . . . , Xm) by (y) C (x). Further, 
we define (yi, . . . , y„)[*l := (y^, . . . , yjj). With this notation, we recall that for a 
standard graded ring (i?, m, k) and a homogeneous regular sequence Xi, . . . , Xn, 

(4) (a;i, . . . , x„)[*l : (a;i • • • a;„)*"^ = (xi, . . . , a;„). 

for aU t ^ 1. 

Proposition 3.1. Let {R,m,k) be a standard graded Cohen-Macaulay ring of di- 
mension d and assume that (yi,...,yrf) C (xi, . . . ,Xd) are ideals generated by a 
homogeneous system of parameters. Let A — (fljj) such that y^ = X]j=i '^u^i Z'"" 

i = 1, . . . ,d. If A ~ det A, then the map R/ (xi, . . . , Xd) ~> R/{yi, ■ ■ ■ , Vd) is 
infective. 

Proof. Notice that the above map is well-defined as A(a;i, . . . , Xd) C (yi, . . . , yd). 
Let r & R such that r • A e (yi, . . . , yd). Since yi, . . . , y^ is a homogeneous sys- 
tem of parameters, there exists a positive integer t and a matrix B such that 

(xi, . . . , Xd)^^' C (yj^, . . . , yd). Hence we have the following inclusions: 

B A 
{xi, . . . ,Xd)^ ^ C {yi,...,yd) C {xi,...,Xd) 

r , D 

{xi, . . .,Xd)^ ' C {xi, . . .,Xd), 
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where D is the diagonal matrix with entries x\ ^. Let E = AB. By [7, Corollary 
2.5] we obtain 

(a:i---Xd)*'^(det E - det D) e (xi, . . . , a;d)[*''+'l . 
As det D = {xi ■ ■ ■ XdY~^, we have 

(xi • • • Xd)*''(det B)A -{x,--- XdY'^ixi ■ ■ ■ XdY~^ e (xi, . . . , XdY'''+*^ 
and thus multiplication by r yields 

(5) rix^-.-xayidet i?)A - r(a;i • • • • • • x^)*-! G (x^, . . . ,Xdf^+'l 

Since rA G (yi, . . . , yd), we have that 

(6) r • (xi • • • Xdy • det B • A G (xi • • • Xd^ ■ det B ■ {y^ ■■■ ,yd)- 

By definition of _B, (yi, . . . , y^) • det i? C (xi, . . . , Xt;)^*! and hence 
(7) 

{xi- ■■ XdY" ■ det B-{yi,..., yd) C (xi • • • . . . , x^)!*! C {xi, . . . , Xd)^"'+'l 

Combining (6) and (7) we see that r ■ {xi ■ ■ ■ Xd)^'^ • det B ■ A £ (xi,. . . , x^)'*'^^*'- 
Therefore, (5) gives r{xi ■ ■ ■ XdY'^{xi ■ ■ ■ Xd)*^"^ G and thus 

Since R is Cohen-Macaulay, we have that our sequence (xi, . . . ,Xd) is actually a 
homogeneous regular sequence. Applying (4) shows that r G (xi, . . . , Xd) and hence 
multiplication by A is injective. □ 

Proposition 3.2. Let {R,m,k) be a standard graded Cohen-Macaulay ring of di- 
mension d. If yi, . . . ,yd is a homogeneous system of parameters satisfying (3), 
and Xi,...,Xd is a homogeneous system of parameters such that Q 
{xi, . . . , Xd), then xi, . . . ,Xd satisfies (3) as well. 

Proof. Since {yi,...,yd) C (xi, . . . ,Xd), we can write — ^'^^ 
A — (oij) he a, d X d matrix of elements in R. Let the deg(j/i) = fi and deg(a;i) — 
Ci. This forces the deg(a,ij) = fi — Cj. Now let A = det(A) and notice that 
deg(A) = J2i=i fi - J2i=i ^i- Since R is Cohen-Macaulay, yi,. . . ,yd and xi,. . . ,Xd 
are regular sequences. Let c — Ci — d + 2. By Lemma 3.1, multiplication by 

A is an injection, in particular, 

( R ] C^f R ] 

\{xi.^...,xa) J ^ V(yi'---ad);c-Hdeg(A) 

is a graded homomorphism. Thus, if 

diink{R/{xi,...,Xd))c > 2, 

so is dimfc(i?/(j/i, . . . , yd))c+dcg{A)- But yi, . . . ,yd satisfies (3), thus we must have 
that xi, . . . ,Xd satisfies the same property. □ 

This next proposition distinguishes super-stretched rings from that of stretched 
rings as not all stretched rings have this property. Further, when i? is a zero 
dimensional super-stretched ring, Proposition 3.3 fails as can be seen by the ring 
k[x]/{x^). 
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Proposition 3.3. // (i?, m, k) is a standard graded Cohen- Macaulay ring of dimen- 
sion d > that is super-stretched, then for all homogeneous minimal reductions 
{xi, . . . , Xd) of the maximal ideal m, we have = {xi, . . . ,Xii)va^- 

Proof. Induct on d. For the dimension one case let a; be a minimal reduction. (Note 
that deg(a;) = 1.) Because R is super stretched, we have that dim.k{R/xR)2 = 1. 
Further, 

+ (x) 

dimfe ^ , . = dimfc ^ , — ^ = dim^ = 1. 

Note that the second equality is always true as (x) fl = xm ii x ^ m^. The 
displayed equality says that there is a y e — (a;m + m^) such that = xm + 
(y) + . By Nakayama's lemma we have = .xm + (y) . 

By the super-stretched hypothesis we can also consider R modulo x^. Due to 
the grading we have that (a;^) fl = x^m. This gives us 

A- 1 

'^^^k — ^ = 1. 
+ x^m 

Thus, as before, there exists z e — (x^m + m**) such that = x'^m + {z) + m"^. 
Nakayama's lemma shows that = x^m + {z). 

Notice that wc can choose z to be anything in — {x^m + m^). We would like 

to choose z ~ xy, but first wc must show 

Claim. The clement xy is not in x^vti + m^. 
If the claim holds, then we have 

= x'^m + (z) 
= x^m + (xy) 
= x{xm+{y)) 
= xxn^. 

This is the desired result for dimension one. 

To show the claim, let n be minimally chosen such that m" = xm""^ and suppose 
xy e x^m + m*. Since = xm + (y), we have that xm^ C x^m + m*. Assume 
that n > 3 and multiply by m"~^. As R is Cohen-Macaulay, we have that x is 
a non-zero divisor. Cancel the x's to observe that m"~^ C xm"~^ -|- m". This 
forces m"~^ = xm"~^, a contradiction since n was chose to be minimal. Thus 
xy ^ (x^m -I- m**). 

For higher dimensions wc may assume that 

+ (xd) ^ jxi, . . . , Xd-i)m^ + (xd) 

{Xd) {Xd) 

Lifting gives us the inclusion 

m^ C (xi, . . . , Xd-i)m^ + {xd). 

Notice by the grading, and the regularity of x^, we have that m^ = (m^ : x^) and 

hence 

m^ = (xi, ...,Xd-i)m^ + Xd{m^ : x^) 
= (xi,...,Xd)m^. 

□ 
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Before moving on to Proposition 3.4, we notice that for elements oi, . . . , Ofc of a 
ring R, and for every positive integer m, 

A proof of this can be found in [17, Equation 8.1.6]. 

Proposition 3.4. Let (R, m, k) be a d- dimensional standard graded ring and let the 
ideal {xi, . . . , Xd) be a homogeneous reduction of m such that (xi, . . . , Xd)yn-^ = vx^ ■ 
If R is stretched, then {x\, . . . , x^) satisfies (3) for all i > 0. 

Proof. We would like to show that for all t > Q, 

R 

, (^li ■ ■ • ' ^d) 

for each i ^ dt — d + 2. In particular, we need that 



dimfc ( y-^ ^ I < 2 



To show this, we need to first show the equality 
(9) 



d™/c ^M-d+3 + (x* , . . . , X* ) n md'-d+^ ) V (^i - ■ ■ ■ : a;^)m'^*-''+2-* 

In order to see equation (9), notice that 

(10) m'**-'*+3 + (x* , . . . , x'd) n m*-'^+2 = m'''-"+^ + . . . , x* )m'^*-'^+2-*. 

As (xi, . . . , Xd)m^ = m'^, we have that for any positive integer N, (xi, . . . , Xd)^m^ = 
m^"*"^. Further, if we consider m''*"''"''^ and let N = d{t — 1) + 1, we have that 
^dt-d+3 ^ ^d(t-i)+3 ^ (x^^ . . . ^ xrf)'*(*-i)+im^ 

By (8) we have that (xi, . . . , XdY'^*-^^+'^ = (x^, . . . , x^)(xi, . . . , Xrf)(''-i)(*-i). There- 
fore we have that 

na''*-'^+3^(x*,...,x*)(xi,...,x,)('^-i)(*-iW 

= (x*,...,x^)m('*-i)(*-iH2 

C (x* , . . . , x^)m('^-i)(*-i)+i = (x* , . . . , x^)m''*-''+2-*. 

Applying this fact to Equation (10) allows us to write 

^dt-d+3 + (x* , . . . , x'd) n m''*-'^+2 - (x*i, . . . , x^)m'^*-''+2-*, 

and hence equality holds in Equation (9). 
The next step is to show that 

(11) (xi, . . . , Xd)'**-^ = (x* , . . . , X* )(xi, . . . , xaf-""-' + (xiX2 • • • Xdy-\ 

Notice that the generators of (xi, . . . , Xd)'^*^'*^* are all the monomials in xi, . . . , x^ 
of degree dt—d—t. Thus the generators of the product (x* , . . . , x^)(xi, . . . , x^)'**^''^* 
are monomials m in xi, . . . ,Xd of degree d{t — 1) such that x*|m for some j — 
1,2, .. .d. Call the set of these monomials M. The monomials in M are also a 
part of a minimal generating set of the ideal (xi, . . . , Xd)'^*~'^- In fact, the set N = 
{x"^X2^ • • • x^l"^ I = dt — d} is a generating set for the ideal (xi, . . . , x^)''*^''. 

Hence, the elements in M that are not in N are 

N\M = {m^ x1^X2^ ■■■x"}" \J2^i=dii- 1) and such that x* /to for all j}. 
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This implies that m £ N\M is an element of the ideal {xiX2 ■ ■ ■ XdY ^ as deg(m) = 
d{t— 1) and x* does not divide m. We therefore have the equality in Equation (11). 

Since xi, . . . ,Xd is a reduction, we can write xn'^t~d.+2 _ ^'^(^^1, . . . , XdY*'^'^- 
Combining this with Equation (11) yields 

= m\{x\, . . . , 4)(a;i, . . . , xaf'-"-' + ix^x^ ■ ■ ■ x^T^) 

= (x* , . . . , 4)(a;i, . . . , Xdf'^'^-'-xn^ + (xixa • • • xaf'^m^ 

= (x* , . . . , 4)m'^*-'^-*+2 + {x^x-, ■ ■ ■ XdY-'xn^ 

Because R is stretched, we may proceed as in Proposition 3.3 and choose aye 
— {{xi, . . . , Xd)m + m'*) such that m-^ = (a;i, . . . , Xd)m + {y). Substituting into 
the above relation yields 



- {xl . . . , 4)m'^*-'^-*+2 + {x,X2 ■ ■ ■ Xdy-\{xu Xd)xn + (y)) 



= {xl . . . , 4)m'^*-'^-*+2 + {y{x,X2 ■ ■ ■ XdY-'). 
Thus, modulo (x* , . . . , a;^)Tn''*~''~*"'"^, we have that yn'^t~d,+2 jg dimensional. □ 

We are now ready to state and prove some equivalent characterizations of super- 
stretched. This is also the main result of this section and is used to show that rings 
of graded countable Cohen-Macaulay type are super-stretched (see Theorem 4.3). 

Theorem 3.5. Let (_R, m, fc) be a standard graded Cohen-Macaulay ring of dimen- 
sion d > 0. The following are equivalent: 

(1) R is super- stretched; 

(2) R is stretched and Jm^ = for every homogeneous reduction J of the 
maximal ideal; 

(3) R is stretched and Jm^ — for some homogeneous reduction J of the 
maximal ideal. 

Proof. (1) ^ (2): This is an application of Proposition 3.3. 

(2) (3): This is straightforward. 

(3) (1): Assume that J is as in (3) and is generated by xi,...,Xd. Let 
(2/1, ... , yd) be an ideal of R generated by a homogeneous system of parameters. We 
have that there exists a t such that m* C (y^, . . . , yd). In particular, (x* , . . . , x^) C 
(2/1, ... , yd). By proposition 3.2, (j/i, . . . , yd) satisfies (3) since {x\, . . . , x^j) satisfies 
(3) by proposition 3.4. Therefore, R is super-stretched. □ 

3.1. Super-Stretched and ft,- vectors. The next two results are immediate corol- 
laries of Theorem 3.5 that describe the /i-vector of a super-stretched ring. 

Corollary 3.6. Assume that {R, m, k) is a standard graded super- stretched ring of 
dimension d > with infinite residue field k. Then the h-vector of R is of one of 
the following forms: (1), (1, n), or (1, n, 1) for some non-zero positive integer n. 

Proof. Let J be a minimal reduction of the maximal ideal m. Since R is super- 
stretched, we have by Theorem 3.5 that Jva^ — m^. Let R — R/J and notice that 
we have 

^fl(3) = dimfc . ^ -.^ — ^ = dimfc . , „ = dim^ — — = 0. 
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This forces Hj^{n) ~ for all n> 2. The fact that R is stretched forces H^{2) ^ 1. 
Therefore, the only possible /i-vectors are (1), or (l,n, 1) where n is a non- 

zero positive integer. □ 

Corollary 3.7. A standard graded hypersurface with positive dimension and mul- 
tiplicity at most 3 is super-stretched. 

Proof. Let i? be a hypersurface with multiplicity e ^ 3. As the sum of the ^.-vector 
is the multiplicity, the only possible /i- vectors are (1), (1,1), and (1,1,1). All of 
these satisfy condition 3 of Theorem 3.5. □ 



4. Super-Stretched and Graded Countable Type 

In this section we generalize [6, Theorem A] to standard graded rings of countable 
Cohen-Macaulay type. The proof of Theorem 4.3 is an extension of D. Eisenbud 
and J. Herzog's proof and follows the same basic outline. The following lemmata 
are helpful in proving Theorem 4.3. 

Lemma 4.1. Let (i?, m, k) be a standard graded ring and M , N he finitely generated 
graded R-modules such that N — Rxi + • • • + Rxs, M — Ryi + • • • + Ryt with 
deg(xi) — Ui, deg{yj) = ruj and t — max{nj} < min{mj}. Let cj) and tp be a graded 
presentations of N and N + M (respectively) sending R(—ni) to and R{—mj) to 
yj. Consider the following commutative diagram defined by the canonical injection: 

^ X ® R{-ni) N 

h 



^ L R{~n,) e R{-mj) — ^ N + M ^ 

where K and L are the respective kernels. If z ^ L is such that deg(z) ^ t, then 
z e im(/i). In other words, any syzygy of N M with degree less than t 1 comes 
from a syzygy of N . 

Proof. By choice oi z € L, we know that z is also in 0i?(— 7^^) since maxjrti} < 
min{mj}. Since (/) is tp restricted 0-R(— «»), we see that z is indeed in the image 
of /i. □ 

Lemma 4.2. // (_R, m, fc) is a standard graded ring such that dimk{Ri) > 1 for 
some i > 0, then there exists \k\ many distinct homogeneous ideals in R. 

Proof. Let x, y be distinct basis elements of Ri and let a, (3 £ k. Assume that 

(x + ay) = {x + f3y). 

Since R is graded, there exist 7 € fc such that x -\- ay = ^{x -\- Py) in Ri. Hence 

(12) (1 _ + (a - /?7)y = 

in R. In particular, this relation holds in the vector space Ri as a, /3,7 € k. Thus 
the coefficients of x and y are zero and we have that 7 = 1 and a = /3. Therefore 
the conclusion follows. □ 



We are now ready to prove the generalization of D. Eisenbud and J. Herzog's 
result. 
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Theorem 4.3. Let {R,m, k) be a standard graded Cohen- Macaulay ring of dimen- 
sion d > with uncountable residue field k. If R is of graded countable Cohen- 
Macaulay type then it is super- stretched. 

Proof. Let R be as above with dini(i?) = d. Assume R is not super-stretched and 
let Xi, . . . ,Xd be a homogeneous system of parameters such that 

dimfc(i?/(xi, . . .,Xd))c ^ 2 

for some 

d 

(13) c ^ ^deg(2:j) - d+ 2. 

If we have that dim/j(i?/ {xi, . . . , Xd))^ ^ 2, then dimfc(i?/(a;i, . . . , Xd))i ^ 2 for all 
2 ^ Z ^ c. Therefore, without losing any generality, we can assume equality in (13). 
Let R = R/ {xi, . . . , Xd) and consider y S {R)c- Define ly C R to he a preimage of 
(y). For each ye i?c, we shall associate a graded maximal Cohen-Macaulay module 
My such that the family {Myj^^-^ has the following properties: 

(1) Let {My)i be the graded components of My. We have that dimfe(Mj^)<t = 
and dimfe(My)t = 1 where t — ^ Aeg{xj). 

(2) There is a unique indecomposable summand Ny of My such that {Ny)t — 
{Mjh- _ 

(3) If My = My I {x\^ . . . , Xd)My, thcii annji{A'Iy)t = ly where t is as in (1). 

Assuming these three claims, we show there exists uncountably many graded inde- 
composable maximal Cohen-Macaulay modules up to isomorphism in S[Jl£37l^' (i?). 
Hence by Proposition 2.9, R cannot be of graded countable Cohen-Macaulay type. 

As in (2), let Ny and Nyi be the unique indecomposable summands of My and 
Myi for 17, y' G R^. Suppose that there is an isomorphism iV^ ~ Nyi in S[Jl£3Jl^' [R). 
Thus we have that Re i— > Re' where e and e' are generators of {Ny)t and {Ny')t 
(respectively). This implies 

Ny/{Xl, . . .,Xd)Ny ~ Ny'/(Xl, . . . , X d) Ny' . 

Once again, under this isomorphism. Re i— >■ Re' . From (3), we have that aimji{e) = 
ly and annfl;(e') = ly', which forces ly — ly' . Thus (y) = (y'). Note that 
dimfc (i?c) ^ 2, so by Lemma 4.2 there exists uncountably many ideals (y), where 
y € Rc. As such there must be uncountably many graded indecomposable maximal 
Cohen-Macaulay modules up to isomorphism in SOtCSJl^"^ (i?) and we are finished by 
Proposition 2.9. 

To show property (1), consider the Koszul complex of the homogeneous sys- 
tem of parameters xi, . . . , Xd, 

K. : ^Kd ^ ^Ki ^R ^ R/{xi, . . . ,Xd)R 0. 

Note that for J C {1, 2, ... , d}, Ki ~ 0|j|^, i?(- E^ej degXj). Let fli be the i*^ 
syzygy of K, and fix y € {R)c- Further, let ly = (xi, . . . , Xd, y) be a preimage of (y) 
and consider the minimal resolution F of R/Iy- From f , we have the short exact 
sequence 



^ M2 ^ © R{- deg(x,)) ® R{-c) ^ {xi, . . . ,Xd,y) ^ 
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where M2 is the second syzygy of R/Iy- Notice that 



c — ^ deg(a;j) — d + 2 > max{dega;i}. 

Therefore by Lemma 4.1, we have the commutative diagram 

VI2 ^ Ki ^ (xi , . . . , Xd) 

r f 







M2 



■ R{- Aeg{xj)) e R{-c) ^ (xi , . . . , Xd, y) 







with the minimal graded components of M2 coming from the image of VL2 ■ 

In the resolution F., any shift coming from y will be bounded below by c + i. 
Since 

d 

c + i = ^ deg(a;j) — (d — (i + 1)) + 2 > max{ ^ degx^}, 



i./|=i+i 



we have that 



shift from y ^ c + i > max{ deg Xj } . 

./i=i+i 

Thus, we for each i we have the commutative diagram 



■K,-i 



^M, ^ i?(-^deg(a;,))®0i?(-d,_i,j) ^ M,_i ^0 

|J|=.t-l jGJ 

and each minimal graded component of Mi is an image of a minimal generator of 
Hi. When i = d, we have that Kd ^ Md and any minimal graded generator of 
Md is of degree t — degXj. The injection shows this is unique. Thus these 

modules satisfy property (1). We denote Md by My. 

Property (2) is a straight forward consequence of (1). As there is a unique 
minimal element in My, say Re — {My)t, it must be contained in a unique inde- 
composable summand Ny of My. Therefore {Ny)t = {My)t. 

To prove (3), let F, = F,®R/ (xi, . . . , Xd)R and consider Tor^(i?/ (xi, . . . , Xd),R/Iy). 
Since R is Cohen-Macaulay, any system of parameters is a regular sequence. There- 
fore, 

TorJ(i?/(xi, . . . , Xd),R/Iy) ^ Hdixi, ...,xd; R/Iy), 
where Hd{xi, . . . , Xd', R/Iy) is the d*^ homology of the Koszul complex of the homo- 
geneous system of parameters xi, . . . ,Xd with values in R/Iy. Since the Xi annihilate 
R/Iy, we have 

Hd{xi, . . . ,Xd\R/Iy) ^ R/Iy{~t). 
Apply • ®^ R/{xi, . . . , Xd) to the short exact sequence 

^ Aly ^ Fd-i ^ Md-i 

to get 



^ToYi{R/{xi,...,Xd),Md-i) 



My/{Xl, Xd)My ^ Fd-1. 
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Since Tori(i?/(xi, . . . ,Xd),Md-i) ~ Tor<j(i?/a;i, . . . ,Xd,R/Iy), we have 
R/Iy{-t) My/{xi, Xd)My Fd-i. 

Since e S My corresponds to the generator of Kd, it is clear that e i— > 0, and it 
follows from the exact sequence that Re ~ R/Iy{—t). □ 

Remark 4.4. It is worth noting that we are able to lift the restriction of the iso- 
morphism classes in the definition of graded countable Cohen-Macaulay type by 
way of Proposition 2.9. Thus Theorem 4.3 holds if we have countably many graded 
indecomposable modules up to isomorphism in 2H£93t(i?). This is a much stronger 
statement as we do not require graded isomorphisms. 

Corollary 4.5. Let {R,m,k) be a standard graded Cohen-Macaulay ring with un- 
countable residue field k. If R is of graded finite Cohen-Macaulay type then it is 
super-stretched. 

Corollary 4.6. Let (i?, m, k) be a standard graded Cohen-Macaulay ring with graded 
countable Cohen-Macaulay type. Then the possible h-vectors are {1), (l,n), or 
(1, n, 1) for some integer n. 

Proof. Combine Theorem 4.3 and Corollary 3.6. □ 

5. Minimal Multiplicity and Graded Countable Type 

For a d-dimensional standard graded Cohen-Macaulay ring (i?,m, k), let e{R) be 
the multiplicity of R. If e{R) = dimfe(m/m^) — dimi? -I- 1 then R is said to have 
minimal multiplicity. In the case when k is infinite, the following are equivalent: 

• R has minimal multiplicity; 

• there exists a regular sequence Xi, . . . ,Xd such that = {xi, . . . , Xd)m; 

• the ft,- vector of R is of the form (l,n). 

In [6], D. Eisenbud and J. Herzog showed that standard graded rings of graded 
finite Cohen-Macaulay type and dim(i?) > 1 have minimal multiplicity. Using 
Theorem 4.3, we are able to extend this result to non-Gorenstein rings of graded 
countable Cohen-Macaulay type with dim(i?) > 2. 

In order to prove Proposition 5.1, we need a countable version of Auslander 
and Reiten's result (Theorem 2.12) on the dimension of the singular locus. In [10, 
Theorem 1.3], C. Huneke and G. Leuschke show that the singular locus of a local 
ring of countable Cohen-Macaulay type has dimension at most one. The proof of 
the graded version of [10, Theorem 1.3] can be found in [16, Theorem 2.5.9]. 

Proposition 5.1. Let (i?, m, fc) be a standard graded Cohen-Macaulay ring of 
graded countable Cohen-Macaulay type that is not Gorenstein and dimi? ^ 3. Then 
R must be a domain and have minimal multiplicity. 

Proof. Since R is of graded countable Cohen-Macaulay type, we know that the 
dimension of the singular locus is at most one. Since dini(i?) ^ 3, we have that R 
satisfies Serre's condition (i?i). Further, as R is Cohen-Macaulay, we know that R 
also satisfies Serre's condition (52). Thus by Serre's criterion, R must be a normal. 
By normality, we can write it as a finite direct product of integrally closed domains 
[17, Lemma 2.1.15]. As R is standard graded, we have that Rq — k and thus there 
is only one term in the direct product. Hence R is also a domain. 



SUPER-STRETCHED AND GRADED COUNTABLE COHEN-MACAULAY TYPE 



17 



By Corollary 4.6, we know that R is either of minimal multiplicity or has ft,-vector 
(l,n, 1) for some positive integer n. Since R is not Gorenstein, there must be a 
socle element in degree one. However, [6, Theorem B] forces R to have minimal 
multiplicity. □ 

Remark 5.2. It is worth noting that standard graded Cohen-Macaulay rings of 
countable Cohen-Macaulay type and dimension at least 3 are normal domains. 
Even though Proposition 5.1 assumed the ring was not Gorenstein, the argument 
to show that the ring was a normal domain still holds. 

6. Gorenstein Rings of Graded Countable Type 

It turns out that there are a few instances when stretched and super-stretched 
coincide. In particular, this happens when the ring in question is zero dimensional 
or when the ring is a complete intersection that is not a hypersurface. 

A zero dimensional ring does not have any system of parameters. Hence, we see 
that the expression ^ deg{xi) — d -I- 2 in the definition of super-stretched becomes 
just 2. From here it is easy to see that the two definitions are equivalent. A little 
more work is needed to see this for complete intersections. 

Proposition 6.1. Let (i?, m, fc) be a standard graded complete intersection that 
is stretched with k an infinite field. Then R is a hypersurface or defined by two 
quadrics. 

Proof. Let 5* = k[yi, . . . , y„] and R = S/ (/i, . . . , /,„) with dim(i?) = d and deg(/i) = 
di. Further, let x = (xi, . . . ,Xd) be a minimal reduction of the maximal ideal m. 
Given that i? is a complete intersection, we know that the Hilbert function of i?/x 
is 

ifi /™.xi,...,.d) ^ ' 

(14) = (1 + t + . . . + i-ii-l) . . . (1 + t + . . . + 

As R is Gorenstein and stretched, we know that the /i-vector is of the form (1, 1) 
or (1, N, 1) for some > 0. It is enough to only consider the /i-vector (1, N, 1). 

If the /i-vector is (1, A^, 1), then (14) is of the form 1 -I- A^t -I- 1^. In particular, 
the only case to consider is when N = 2. In this case, (14) is {l + t){l + t) and thus 
the ideal / is generated by two quadrics. □ 

Example 1.5 showed that a hypersurface can be stretched but not super-stretched. 
As it turns out, this is not the case when the ring is a complete intersection defined 
by 2 quadrics. Before we move on, recall that for a Cohen-Macaulay ring R with 
/i-vector 

(%(0), 77^(1),..., i75(s)), 
the socle degree of R is defined to be SocDeg(i?) = s. 

Corollary 6.2. Let {R,xn, k) be a standard graded complete intersection that is not 
a hypersurface. Then R is stretched if and only if R is super-stretched. 

Proof. It is enough to show that stretched implies super-stretched. To do this we 
show that the socle degree of R modulo a homogeneous system of parameters is 
not too large. Since R is not a hypersurface. Proposition 6.1 implies that R — 
k[yi,---,yn]/{fi,fg), dim(i?) = d, and deg(/j) = 2. Let x = {xi,...,Xd) be an 
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ideal generated by a homogeneous system of parameters. As the /i-vector of R is 
(1, 2, 1), we have that the socle degree of i?/x is 

SocDeg(i?/x) = dcg(/i) + deg(/2) + ^ degx, - (2 + d) = ^ dega:, -d + 2. 

Thus for i ^ ^ dcg Xj — d + 2, 

(R\ ^ fl if^.Edeg.,-rf + 2, 
Vx/, [0 ifi>J2degXj-d + 2 

for any homogeneous system of parameters x of R. Therefore R is super-stretched 
as well. □ 

6.1. One Dimensional Rings. In an effort to show the one dimensional graded 
case of Conjecture 1.1, we apply our results to rings of dimension one. In doing so, 
we obtain some nice ring structure. 

Theorem 6.3. Let {R, m, k) be a standard graded one dimensional Cohen- Macaulay 
ring with uncountable residue field k. If R is of graded countable Cohen-Macaulay 
type, then R is a hypersurface or of minimal multiplicity. 

Proof. We proceed by proving the contrapositive. Let a; e m be a homogeneous 
minimal reduction of the maximal ideal m. As R is not a hypersurface, we know 
that Hji/.j.fj[\) ^ 2. Further, since R does not have minimal multiplicity, we know 
xm 7^ m^. So let a, 6 € m be distinct elements of a minimal generating set of m such 
that ^ xm or ab ^ xm. Notice that any ideal of the form (x, a + afo), where a € fc, 
is a graded indecomposable maximal Cohen-Macaulay module. By Proposition 2.9, 
it is enough to show there are uncountably many such ideals up to isomorphism in 

mtm^'iR). 

Consider the ideals la '■= {x,a + ab) and Ip :— (x,a + f3b) where a,(] G k and 
view them as objects in 9H£9Jl^'^(i?). Let (p be an isomorphism between and Ijs 
in S!Jt£33t^' (i?) . As such, is a graded degree zero map 

la = {x,a + ab) ~ {x,a + fib) = Ip 

given by 

X I ^ dix + d2{a + pb) 

a-\- ab I ^ d^x -f ^4(0 -I- /36). 

Hence we see that the di's are elements of k for i = 1,2, 3, 4. Consider the relation 

x(p(a + ab) — (a + ab)ip(x) ~ 0. 

Hence we have 

(15) dsx'^ + d^x{a + jSb) - dix{a + ab) - ^2(0^ + {a + (3)ab + afib^) = 0. 
From here we can focus on ^2- H d2 ~ Q, then wc have the relation 

(16) d'ix'^ + dix{a + (3b) - dix[a + ab) = Q. 

Since x is a non-zero divisor, we can cancel x and rearrange (16) as a fc-linear 
combination of x,a,b 

d^x + {di — di)a + (j3di — adi)b ~ 0. 
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As X, a, b are independent over k, we have that the coefficients are zero. In particular 
— di — 0. Since did4 — d2d^ ^ 0, we know that di = d^ ^ 0. Tlius the fact that 

Pdi — adi = implies that a — p. Hence there are uncountably many ideals la up 

to isomorphism in 9Jt£9Jl^' (_R). 

If we assume that c?2 7^ 0, then (15) modulo a;m, shows that 

+ {a + p)ab + al3b^ = 0. 

If ^ xm, notice that i?2 = {a^,xRi). Thus, there exists a fixed j,a G k such 
that modulo a;m we have 

ab = 7a^; 

1,2 _ 2 

= aa . 

Therefore 

(17) • (1 + 7(a + /3) + cra/3) = (mod xm). 

As is non-zero modulo xm and 1 + j{a + /3) + era/? is a degree zero element, the 
grading forces 

1 + 7(a + (3)+ aaP 
in the field k. In particular, every a, (3 such that la ~ //3 is a solution to 

/(X, y) = 1 + 7(x + r) + crxr e fc[x, r]. 

This forces f{X,Y) to be identically zero, a contradiction. 

Similarly, if ab ^ xm then there exists a fixed 7', cr' € fc such that modulo xm we 
have 

^2 = a' a". 

Therefore 

(18) a5 • (7' + (« + /?)+ CT'a/3) = (mod xm) 

and we recover a similar contradiction as we did from Equation (17). □ 

Applying this Theorem 6.3 to rings of graded countable Cohen-Macaulay type 
brings to light some very useful structure. In particular, if the ring is Gorenstein, 
then we have a hypersurface! We now have the graded, one-dimensional case of 
Conjecture 1.1. 

Corollary 6.4. Let (i?, m, k) be a standard graded one dimensional Gorenstein ring 
with uncountable residue field k. If R is of graded countable Cohen-Macaulay type, 
then R is a hypersurface ring. 

Proof By Theorem 6.3, R is either a hypersurface or of minimal multiplicity (or 
both). By Corollary 4.6 and the fact that R is Gorenstein, we know that the 
possible /i-vectors are (1), (1,1), or (l,n, 1). Thus if R has minimal multiplicity, 
then R must also be a hypersurface. □ 
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